The efficient importance sampling (EIS) method is a general principle for the numerical evaluation of high-dimensional integrals that uses the sequential structure of target integrands to build variance minimising importance samplers. Despite a number of successful applications in high dimensions, it is well known that importance sampling strategies are subject to an exponential growth in variance as the dimension of the integration increases. We solve this problem by recognising that the EIS framework has an offline sequential Monte Carlo interpretation.
Introduction
This paper introduces the particle efficient importance sampling (P-EIS) method as a tool for likelihood evaluation and state inference in nonlinear non-Gaussian state space model applications. The approach is based on the EIS algorithm of Richard and Zhang (2007) , which is an importance sampling method for the estimation of high-dimensional integrals that have a sequential structure. The EIS method constructs global approximations to target integrands by iterating a sequence of least-squares regressions, which are linear and therefore computationally efficient for a wide range of models. The essential idea of the P-EIS method is that the high-dimensional EIS approach has a sequential Monte Carlo (SMC) interpretation compatible with the introduction of resampling steps. We show that it is crucial to use non-standard resampling weights that take into account the look-ahead construction of the importance sampler.
The use of importance sampling to evaluate the likelihood of nonlinear non-Gaussian state space models for long time series dates back to the method of Shephard and Pitt (1997) and Durbin and Koopman (1997) , which relies on a Laplace approximation to the likelihood. The use of the global approximation technique in the EIS method has expanded the scope of high-dimensional importance sampling, and a range of applications are now available in the literature. Some examples include stochastic volatility models in Liesenfeld and Richard (2003) , the stochastic conditional duration model in Bauwens and Galli (2009) , probit models with correlated errors in Liesenfeld and Richard (2010) , DSGE models in DeJong, Liesenfeld, Moura, Richard, and Dharmarajan (2012) , stochastic copula models in Hafner and Manner (2012) , state space models with mixture measurement densities in Kleppe and Liesenfeld (2013) , discrete dependent variable models with spatial correlation in Liesenfeld, Richard, and Vogler (2013) , and the corporate default model in Barra, Hoogerheide, Koopman, and Lucas (2013) .
Despite these successful applications, the use of importance sampling has so far been limited by the exponential increase in the variance of the likelihood estimate as the dimension of the integration problem increases. See for example Chopin (2004) , Section 3.3. The SMC approach of the particle EIS method solves this problem by introducing resampling when generating draws from a high-dimensional importance density. That also includes the method of Shephard and Pitt (1997) and Durbin and Koopman (1997) , which Koopman, Lucas, and Scharth (2012) show to be compatible with the sequential implementation of the EIS sampler. Like the standard EIS method, the particle EIS algorithm aims to explicitly minimise the variance of the likelihood estimate using all the available sample information. The same is typically not the case with particle filters, which are limited by design to focus on conditional optimality: minimising the variance of the importance weights in the current period, given the particles propagated from the previous period. We show how the particle EIS method also directly addresses the numerical inefficiency that particle filters are subject to even if the conditionally optimal (fully adapted) proposal is feasible.
The particle EIS method belongs to the class of auxiliary particle filters (APF) introduced by Pitt and Shephard (1999) . It therefore provides an unbiased estimate of the likelihood following the general result for auxiliary particle filters in Del Moral (2004) . This property is fundamental for applications to Bayesian inference using the particle marginal Metropolis-Hastings (PMMH) method of Andrieu, Doucet, and Holenstein (2010) and the importance sampling squared (IS 2 ) method of Tran, Scharth, Pitt, and Kohn (2013) . See also the discussion in Flury and Shephard (2011) . We present a detailed study of the numerical efficiency of the particle EIS method compared to the EIS algorithm and standard particle filters. We base our analysis on a simulation study for a range of univariate stochastic volatility (SV) models and a bivariate SV specification, for which we also present an empirical application. Our general univariate specification allows for a fat-tailed measurement density, a two-factor log-volatility process, leverage effects (which imply a nonlinear state transition) and additive Student's t state innovations, highlighting the flexibility of the EIS framework. The application of EIS for models with additive Student's t state disturbances is new to the literature. We develop the EIS algorithm for this model using a data augmentation idea initially proposed by Kleppe and Liesenfeld (2013) .
The simulation study leads to three main conclusions. First, the particle EIS method brings large reductions in variance over the standard EIS method. For a time series of 10, 000 observations, the decrease in variance ranges from 80% for the univariate SV model with Student's t state disturbances to 95% for the bivariate specification. These gains come with a negligible increase in computational time. Second, the EIS and P-EIS methods strongly outperform standard particle filters for these models. Our result show that the P-EIS method outperforms the best particle filter in our analysis by factors of approximately 100 to 6,000, depending on the specifica-tion under consideration. Third, the particle EIS method approximately maintains a constant performance relative to the particle filters for all time series dimensions.
The empirical application for the bivariate SV model uses 5, 797 daily observations of the IBM and General Electric stock returns. We focus on posterior inference using the PMMH and IS 2 methods. Using the theory on the optimal implementation of these two methods developed by Pitt, Silva, Giordani, and Kohn (2012) and Tran, Scharth, Pitt, and Kohn (2013) respectively, we find that for this example the P-EIS method needs only 10 particles to achieve the same numerical performance for posterior inference as a bootstrap filter with 15,000 particles. This result shows that particle EIS can make Bayesian estimation of complex state space models feasible in situations in which simple particle methods require unreasonable computing times for accuracy. As in the simulation study, our empirical analysis shows substantial gains from using the P-EIS method in comparison with the standard EIS algorithm. The use of the EIS principle to address the limitations of particle filters has also been considered by DeJong, Liesenfeld, Moura, Richard, and Dharmarajan (2012) . In that paper, the authors introduce the EIS filter for likelihood evaluation in state space models applications. Their method consists of using the EIS method to construct continuous approximations of filtering densities that result in unconditionally optimal approximations of target integrands. Our method represents a distinct approach. We maintain the focus in approximating the smoothing density of the states as in Richard and Zhang (2007) , in contrast with the approximation of filtering densities in the EIS filter. The EIS filter represents a different approach to particle methods and does not entail resampling. Finally, the EIS filter estimate of the likelihood is biased but continuous, whereas the particle EIS estimate is unbiased but discontinuous. In this sense, we can view the particle EIS method and the EIS filter as complementary approaches as unbiasedness and continuity are relevant properties for Bayesian and classical estimation respectively.
Our method additionally relates to previous contributions on look-ahead and block sampling strategies for sequential Monte Carlo, see for example Lin, Chen, and Liu (2013) and Doucet, Briers, and Sénécal (2006) on these two topics respectively. We can view the particle EIS method as a generalisation of some of these ideas that allows for the construction of an importance density that incorporates all available information into a high-dimensional sampler, which we break into smaller blocks as resampling becomes appropriate. It is straightforward to modify the method to specialised settings that use partial information and smaller block sizes.
We organise the paper as follows. Section 2 presents the notation and estimation objective and reviews the EIS method. Section 3 introduces and motivates the particle EIS method. Section 4 studies the relative performance of the new method for likelihood evaluation for univariate and bivariate stochastic volatility models in a simulated setting. Section 5 presents an empirical application to posterior inference via IS 2 and PMMH.
2 Importance sampling
State Space Model
Consider a discrete-time Markov process {X t } t≥1 such that
We assume that n observations are generated by the measurement density
The state and measurement densities implicitly depend on a parameter vector θ ∈ Θ ⊆ R d , which we omit from the notation whenever possible for conciseness. Define
. . , x t ) and y 1:t = (y 1 , . . . , y t ) . The likelihood for the state space model is given by the integral
which is typically analytically intractable. Our objective in this paper to obtain an accurate and unbiased Monte Carlo estimate L(y) of this integral for a wide class of models.
Efficient High Dimensional Importance Sampling
To evaluate the likelihood function by importance sampling, we consider a high-dimensional importance distribution q(x 1:n |y 1:n ) and rewrite the likelihood function as
where the importance weight function is given by
We estimate the likelihood function (1) by generating N independent trajectories x (1) 1:n , . . . , x (N ) 1:n from the importance density q(x 1:n |y 1:n ) and computing
where ω i is the realised importance weight function in (3) for x 1:n = x (i) 1:n . Geweke (1989) showed that a central limit theorem applies to the importance sampling estimate provided that ω(x 1:n , y 1:n ) 2 q(x 1:n |y 1:n ) dx < ∞, in which case the estimate is asymptotically normal and converges at the regular parametric rate to the true likelihood. A sufficient condition for the integral above to be finite is that the importance weight function is bounded from above. Koopman, Shephard, and Creal (2009) used extreme value theory to develop diagnostic tests to validate the existence of the variance of the importance weights. The high-dimensional efficient importance sampling method of Richard and Zhang (2007) considers an importance sampler with the following form q(x 1:n |y 1:n ) = q(x 1 |y 1:n ) n t=2 q(x t |x t−1 , y 1:n ).
It follows that the we can factorise the importance weight as
Richard and Zhang (2007) write the conditional densities q(x t |x t−1 , y 1:n ) in terms of a kernel in x t and an integration constant
where
and a t is a vector of importance parameters which depends on y 1:n . At the initial period, we have the density
Using (4) and (5), we express the importance sampling identity (2) as
with the convention that χ(x n ; a n+1 ) ≡ 1. The EIS method seeks to find importance parameters a t which minimise the variance of the ratio
where the backward shifting of the period t + 1 integration constant χ(x t ; a t+1 ) is essential for obtaining a numerically efficient estimate of the joint integral (1) . This is intuitive given the dependence of the integration constant on the lagged state. Koopman, Lucas, and Scharth (2013) note that when both the measurement and transition densities are linear Gaussian, letting k t (x t , x t−1 ; a t ) ∝ p(y t |x t )p(x t |x t−1 )χ(x t ; a t+1 ) leads to an analytical backward-forward smoother and an efficient simulation smoother for this class of models, with the likelihood being computed exactly as a side product. Richard and Zhang (2007) propose Algorithm 1 for selecting the importance parameters a 1:n . We highlight some critical aspects of it. The use of common random numbers (CRN) ensure the smoothness of the criterion function across successive iterations, facilitating the convergence of the algorithm. In some cases, we can only implement CRNs via the inverse cumulative distribution method, which is computationally demanding. In this situation we can instead fix the number iterations beforehand; the convergence of the algorithm is not crucial, as typically only the initial iterations generate substantial reductions in the variance of the likelihood estimate (DeJong, Liesenfeld, Moura, Richard, and Dharmarajan 2012) . For this reason, we recommend a non-strict convergence criterion in Algorithm 1.
Algorithm 1 can be subject to numerical instability leading to the divergence of a 1:n , especially when the state vector x t is multivariate and when using the natural sampler p(x 1:n ) to draw the initial set of state trajectories. Koopman, Lucas, and Scharth (2013) argue that we can typically eliminate this problem by reducing the step size at the initial iterations of the algorithm. We can achieve this by replacing the measurement density p(y t |x
increases with k. Numerical errors may also indicate the use of an excessively low number of samples S to compute the regressions. Even though we have not made any additional assumptions regarding the state space model, the practical applicability of the EIS method relies on the availability of a kernel k(x t , x t−1 ; a t ) that is able to accurately approximate the numerator in (8) and which leads to a tractable least squares regression within Algorithm 1. The EIS method becomes less interesting when the minimisation problem is nonlinear, in which case the procedure becomes computationally too expensive. That suggests that the EIS method is potentially applicable when the approximating kernel belongs to the exponential family. Existing applications focus on kernels which are conjugate with 1:n and denote the associated importance density as q
[0] (x 1:n |y 1:n ). A generic and easy to implement choice to initialise the algorithm is the natural sampler, i.e. q
[0] (x 1:n |y 1:n ) = p(x 1:n ).
Draw a set of common random numbers (CRN) u 1:S .
while convergence criterion is not met do
n |y 1:n ) using the CRNs u 1:S .
for t=n:-1:1 do Solve the least squares problem
The normalising constant γ t plays no further role in the method.
end for end while
Set the efficient importance density as q(x 1:n |y 1:n ) = q
[k] (x 1:n |y 1:n ).
p(x t |x t−1 ) or p(x t |x t−1 )χ(x t ; a t+1 ). 1 In section 4, we build on the ideas in Kleppe and Liesenfeld (2013) to consider a new case in which the state transition has an additive error that follows the Student's t distribution, leading to a conditionally Gaussian setting that is amenable to the use of exponential family kernels. Finally, we note that more efficient procedures are available when the state transition equation is linear and Gaussian. In this situation the marginal importance density q(x t |y 1:n ) is available analytically for a Gaussian sampler, enabling numerical and computational gains over the standard algorithm using the results in Koopman, Lucas, and Scharth (2012) and Koopman, Lucas, and Scharth (2013) .
Particle efficient importance sampling
The particle efficient importance sampling method in this section consists of embedding the period t proposal q(x t |x t−1 , y 1:n ) obtained by the efficient importance sampling method of Richard and Zhang (2007) into an auxiliary particle filter algorithm that combines the numerical efficiency of these sequential densities as approximations to p(y t |x t )p(x t |x t−1 )χ(x t ; a t+1 ) with resampling steps that ensure that the variance of the target estimate does not grow exponentially with the time series dimension of the problem. Sections 3.1 and 3.2 motivate and describe the new method. Algorithm 2 provides a pseudo code for implementation.
Particle methods
Particle filtering methods recursively obtain a sequence of particles {x
that approximate the filtering distribution p(x 1:t |y 1:t ) at each time period as
where δ x i 1:t (x 1:t ) denotes the Dirac delta mass located at x i 1:t . The basic particle filter method is based on the sequential importance sampling 1 Liesenfeld and Richard (2003) and Richard and Zhang (2007) originally considered linear Gaussian and inverse Gamma transitions respectively. Nonlinear transitions with additive Gaussian innovations follow easily from the linear case. Liesenfeld and Richard (2010) consider truncated normal states.
(SIS) algorithm. Suppose that at the end of period t − 1 we have a particle system {x
which approximates the filtering density p(x 1:t−1 |y 1:t−1 ). Upon the arrival of a new observation y t , SIS updates the particle system by propagating the particles x i 1:t−1 using the importance distribution
and reweighing each particle trajectory x i 1:t according to
with corresponding normalised weights calculated as
At each period, we can also estimate the likelihood contribution p(y t |y 1:t−1 ) as
It is straightforward to recognise that the efficient high-dimensional importance sampling method of Section 2.2 is a special case of the SIS method in which the proposal density q(x i t |x i t−1 , y 1:n ) has the kernel k(x i t , x i t−1 ; a t ) which we construct according to Algorithm 1. In the EIS method, the importance parameters a t take into account the whole sample information y 1:n , but do not depend on the particle trajectory i. That contrasts with the use of SIS in the particle filter literature, in which
We refer to this case as online sequential importance sampling. In the online SIS method, we can tailor the importance parameters in the proposal kernel k(x i t , x i t−1 ; a i t ) to each inherited particle (indexed by i), but do not use the future observations y t+1:n when selecting a i t . The second fundamental ingredient of particle methods is resampling, which reduces the impact of the weight degeneracy problem on the performance of the filter in subsequent periods. It can be shown that as the number of iterations of the SIS method increases, the normalised weights of the particle system become concentrated on fewer particles. Eventually, the weight of a single particle converges to one; see for example Chopin (2004) . As a result, the variance of estimates obtained using the SIS method grows exponentially in time. Resampling solves this problem by randomly replicating particles from the current population according to their weights, therefore discarding particles with low probability mass.
The standard sequential importance sampling with resampling (SISR) method resamples N particles {x
and assigns equal weights W i t = 1/N to all particles at the end of each time period. Several unbiased resampling schemes that improve upon multinomial resampling are proposed in the literature; some examples are systematic resampling (Kitagawa 1996) and residual resampling (Liu and Chen 1998) . The effective sample size defined as
2 is a standard tool for monitoring the degeneracy of particle systems. Since resampling introduces its own source of error by reducing the number of distinct particles at the current period, a straightforward improvement to the basic algorithm is to perform resampling only when he particle weights reach a certain degeneracy threshold.
Particle EIS
Since the EIS algorithm is a sequential importance sampler, a SISR version of the method based on the global importance density q(x 1:n |y 1:n ) which uses (11) as resampling weights follows immediately by using the procedure described in Section 3.1. Even though this approach leads to a valid algorithm, we argue that the standard SISR resampling weights are unbalanced and inefficient in this case because the EIS kernel k(x leading to the normalised resampling weights
We now track the degeneracy of the particle system using the forward effective sample size
The justification for the forward weights follows immediately from the construction of the efficient importance sampler. Since
, the introduction of the integration constant for the next period χ(x i t ; a t+1 ) matches the importance density q(x i t |x i t−1 , y 1:n ) to its target in the minimisation problem (9), appropriately balancing the resampling weights.
The use of alternative resampling weights implies that the particle efficient importance sampling method belongs to the class of auxiliary particle filters (APF) introduced by Pitt and Shephard (1999) . The auxiliary particle filter algorithm is designed to improve the efficiency of online particle filters by incorporating period t information when resampling the particles after period t − 1, anticipating which particles will be in regions of high probability mass after propagation. However, here we use the APF framework just to obtain correct importance weights and likelihood increment estimates when using the forward weights for resampling.
When the forward effective sample size falls below a threshold after period t − 1, we store the forward weights {w
and set W i t−1 = 1/N for all the particles. From the APF algorithm, the importance weights after resampling at the end of period t − 1 and propagating the particles using the importance density q(x i t |x i t−1 , y 1:n ) are
, where x i t−1 are the particles after resampling. When we perform no resampling at the end of the previous iteration, the calculation of the weights and the estimation follows exactly as in the sequential importance sampling algorithm in Section 3. 1 Pitt, Silva, Giordani, and Kohn (2012) gives an estimator of the likelihood contribution p(y t |y t−1 ) based on the auxiliary particle filter.
2 After resampling with weights (12), the estimate is
where {w
are the forward weights prior to resampling. Proposition 7.4.1 of Del Moral (2004) establishes the unbiasedness of the general auxiliary particle filter estimator, while Pitt, Silva, Giordani, and Kohn (2012) provide an alternative proof of the same result. Algorithm 2 provides the pseudo code for the particle EIS method.
Discussion
We intuitively expect importance sampling methods providing a global approximation to the smoothing density p(x 1:n |y 1:n ) to perform better than online sequential importance sampling methods, which restrict the use of sample information y 1:n . To formalise this idea and shed light on why efficient importance sampling directly addresses the numerical inefficiency of online sequential importance sampling proposals q(x t |x t−1 , y t ), we starting by considering the optimal (but often infeasible) online sequential importance sampler. The conditionally optimal importance distribution for online SIS, in the sense of minimising the variance of the importance weights at each period, is
in which case the importance weight is
It is well known that the conditionally optimal importance density does not guarantee good performance even when used within an SISR algorithm. The reason is transparent from the efficient importance sampling framework of Section 2.2 and equa-
Algorithm 2 Particle Efficient Importance Sampling
Obtain the efficient importance density q(x 1:n |y 1:n ) using Algorithm 1 or one of its variations.
At time t = 1:
Compute the importance weight:
end for
Calculate the estimate of the likelihood contribution as p(
Compute the forward weights w
At time t ≥ 2:
If the effective sample size is below a certain threshold, resample N particles {x
Compute the importance weight
Compute the importance weight 
tion (14): the online sequential importance sampling proposal ignores the integration constants χ(x i t ; a i t+1 ), which may have high variance. Hence, the conditionally optimal importance density, if feasible, can still result in inaccurate estimation and frequent resampling if the variance of p(y t |x t−1 ) is high.
The EIS method of Richard and Zhang (2007) directly addresses this numerical inefficiency by incorporating the integration constant χ(x t ; a t+1 ) into the variance minimisation problem (9). It straightforward to see that the optimal kernel k * (x t , x i t−1 , a t ) ∝ p(y t |x t )p(x t |x t−1 )χ(x i t ; a t+1 ) which the EIS method approximates leads to importance weights with zero variance. The particle efficient importance sampling method therefore fully combines the numerical efficiency of global importance densities targeting the smoothing distribution with the benefits of resampling.
We make two qualifications. First, global importance sampling comes at the cost of greater difficulty in designing a high-dimensional proposal q(x 1:n |y 1:n ) in comparison with devising the low-dimensional sequential proposal densities q(x t |x t−1 , y t ) used in online sequential importance sampling. This task will inevitably be highly model specific. Second, we recall that the importance parameters in the online sequential importance kernel k(x i t , x i t−1 , a i t ) can depend on the particle index, which is not the case with efficient importance sampling. Therefore, online SIS can lead to a more accurate approximation to p(y t |x t )p(x t |x t−1 ) in particular for any given kernel k(x i t , x i t−1 , a i t ) when compared to existing global importance sampling methods. However, we argue that this extra flexibility in the online SIS method is typically of limited practical value, as it is computationally costly to obtain efficient importance parameters for every particle.
Antithetic variables
Antithetic sampling is a variance reduction method based on generating negatively correlated draws from a sampling density. The technique is often instrumental for the success of importance sampling strategies, see for example Durbin and Koopman (2000) . In this section we propose a modification of the particle EIS method in order to incorporate the use of antithetic variables. We focus on a particular setting that encompasses our illustrations in Sections 4 and 5.
Suppose that we can formulate the dynamics of x t under the sequential importance density q(x t |x t−1 , y 1:n ) using the equation
where H t (.) is a nonlinear function and ξ t is a random variable following a symmetric distribution, which we assume without loss of generality to have mean zero. Both H t and the distribution of ξ t depend on the state transition and the importance parameters.
Starting from a particle system {x
, we implement antithetic variables at period t by drawing N/2 innovations ξ and duplicate each of then so that x N/2+j t = x j t for j ≤ N/2 after resampling. As before, normalised weights after resampling are W i t = 1/N for all N particles. We follow this procedure at every period, where at time t = 1 we replace the sampling equation in (15) by
In the context of particle EIS, antithetic variables have the side effect of amplifying the loss of information when performing resampling because we reduce particle diversity through duplication. Nevertheless, we have found experimentally that this version of the algorithm strongly outperforms the standard version without variance reduction for the models we consider in Sections 4 and 5. The reason for the efficiency gain is that resampling takes place infrequently within the particle EIS method. We therefore adopt antithetic sampling throughout the rest of the paper.
Particle smoothing
When a full proposal q(x 1:n |y 1:n ) is available, it is straightforward to apply importance sampling to estimate functionals based on the full smoothing density p(x 1:n |y 1:n ) in O(N ) operations after we calculate the importance weights (3) . See for example Durbin and Koopman (2001) . It is therefore natural to also consider the use of particle EIS for smoothing. Estimating smoothing densities becomes computationally more challenging for particle methods due to resampling, which progressively reduces the number of distinct particles in earlier parts of the sample. Particle methods provide an accurate approximation p(x j:n |y 1:n ) only for j relatively close to n. While we can expect the particle EIS method to degenerate slower due to infrequent resampling, the standard algorithm will still suffer from this problem for j n. Alternative smoothing schemes that avoid this problem based on forward filteringbackward smoothing recursions and the generalised two-filter formula have been developed in the literature, e.g. Godsill, Doucet, and West (2004) . These algorithms often have a computational cost which is proportional to N 2 (R + 1), where R is the number of resampling steps. More sophisticated algorithms with computing time proportional to N (R + 1) are now also available, see for example Fearnhead, Wyncoll, and Tawn (2010) . While an investigation of particle smoothing is out of the scope of this paper, we note that when we are able to successfully implement the particle EIS method and directly target the smoothing distribution p(x 1:n |y 1:n ) by an importance sampling approximation, we can expect both the number of resampling steps and the number of particles required to reach a certain level of statistical accuracy to be lower than what is the case for standard algorithms, so that the new method can be a useful tool for particle smoothing.
Simulation study
This section investigates how particle EIS compares to the EIS method and standard particle filters for likelihood estimation. Section 4.1 describes the models in the simulation study, Section 4.2 discusses the alternative methods and implementation details and Section 4.3 provides the comparison methodology and presents the results.
Univariate and bivariate stochastic volatility models
We consider two stochastic volatility (SV) models in our simulation study: a univariate two-factor stochastic volatility model with leverage effects and a simple bivariate specification. We assume the following measurement and transition equations for the univariate specification
where the return innovations are i.i.d. and have the standardised Student's t distribution with ν degrees of freedom and 1 > φ 1 > φ 2 > −1 for stationarity and identification. We implement simulations with two distinct values for the degrees of freedom parameter: ν = 10 and ν = 100, representing fat tailed and near Gaussian cases respectively. Likewise, we consider two settings for the state disturbances: in the first, they follow the N(0, 1) distribution, while in the second they follow the standardised Student's t distribution with 10 degrees of freedom. The parameters for the simulation exercise reflect typical values found by empirical studies: φ 1 = 0.995, σ The bivariate stochastic volatility model follows the specification originally suggested by Harvey, Ruiz, and Shephard (1994) . The model is
where each state follows an AR (1) process,
The parameters for the simulation study DGP are c 1 = c 2 = 0, φ 1 = φ 2 = 0.98, σ 1,η = σ 2,η = 0.15, c 3 = 1, φ 3 = 0.99, σ 3,η = 0.05.
Alternative methods and implementation details
We implement four alternative likelihood estimation methods: the standard EIS method described in Section 2.2 and three particle filter algorithms. The first particle filter algorithm is the bootstrap filter (BF), which corresponds to the sequential importance sampling resampling (SISR) method outlined in Section 3.1 with the state transition density as a proposal distribution, so that q(x t |x t−1 , y t ) = p(x t |x t−1 ). The second particle filter method is SISR using a Gaussian proposal which we construct via a second order Taylor expansion of p(y t |x . We only consider this method for the univariate SV model with Gaussian state innovations. We label it SISR(2) in the tables. The final particle filter method is a zero order auxiliary particle filter as in Pitt and Shephard (1999) . As in the BF, the proposal is q(x t |x t−1 , y t ) = p(x t |x t−1 ), but the resampling weights become W The number of samples for Algorithm 1 is S = 50. The EIS algorithm for the bivariate SV model follows the computationally efficient algorithm of Koopman, Lucas, and Scharth (2013) . We develop the EIS algorithm for the SV model with Student's t innovations in Appendix A. The algorithm follows Kleppe and Liesenfeld (2013) and uses a data augmentation scheme that treats the state disturbances as normal-inverse gamma mixtures. We consider two versions of the method. The first only approximates the Gaussian part of the state transition, while the second does importance sampling for both the Gaussian and inverse gamma components. We refer to the two algorithms partial and full EIS respectively. We find that it is important to use the step size reduction modification to Algorithm 1 mentioned in Section 2.2 to ensure that all EIS implementations are free of occasional numerical instability. We also recommend setting the leverage effect coefficients to zero at the initial iterations of the algorithm for the univariate SV model.
We use systematic resampling in all the particle methods. When running the particle filters, we resample when the effective sample size divided by the number of particles falls below 0.5. In the particle efficient importance sampling method, we resample if the forward effective sample size divided by the number of particles is under 0.9, a choice based on experimentation. We use antithetic variables for variance reduction in the EIS and particle EIS methods. We have implemented all methods efficiently using MATLAB mex files. All the reported computing times are based on a computer equipped with an Intel Xeon 3.40 GHz processor with four cores. They do not involve any parallel processing, except in Table 6 of Section 5.
Likelihood estimation analysis
We implement the simulation study as follows. We draw 500 trajectories of time series dimensions n = 2, 500, 5, 000 and 10, 000 using the three univariate SV and the bivariate SV data generating processes described in Section 4.1. For each realisation, we perform twenty independent log-likelihood evaluations at the DGP parameters using particle efficient importance sampling and the alternative methods listed in Section 4.2. The number of particles is N = 50 for all methods. We estimate the variance for each method as
where i indexes the DGP realisations, j the independent likelihood evaluations, log L i,j are the corresponding likelihood estimates, and log L i is the sample average for trajectory i, so that log L i = 20 j=1 log L i,j /20. It is essential to take the computing times into account when comparing the likelihood estimation methods, as we can reduce the variance of any estimator by simply increasing the number of particles. In other words, we are interested in the numerical efficiency of each method for a given computational time. We make a distinction the overhead cost per likelihood evaluation, which mainly corresponds to the time to run Algorithm 1, and the rest of EIS and particle EIS algorithms, for which the computational cost is proportional to the number of particles N . We define the efficiency relative to the standard EIS method benchmark as
where h indexes the method, b indexes the benchmark and Var(log L h,N ) denotes the estimated variance of method h with N particles. We assume that the computing time is an affine function of the number of particles
We have that τ h 1 = 0 for the particle filters. In the tables we label τ h 1 and N τ h 2 as EIS density time and likelihood time respectively. The measurements take into account the resampling steps. Assuming that the variance of the log of the likelihood estimate we obtain using each method scales at rate 1/N , the efficiency measure estimates the variance associated with algorithm h for a number of particles N such that τ
It therefore estimates the variance of the method h estimate when we give it the same total computing time as the benchmark.
Tables 1-4 present the results. Three main findings appear in all the cases we considered. First, the particle EIS method brings large reductions in variance over the standard EIS method. When n = 10, 000 the decrease in variance ranges from 80% for the univariate SV model with Student's t state disturbances to 95% for the bivariate specification. These gains come with almost no increase in computational time since the new method resamples infrequently. Second, the use of a global approximation in the EIS and particle EIS methods leads to substantial gains in efficiency over the particle filters. The simulations reveal that even after taking the larger computing times into account, the particle EIS method is 112 more efficient than the bootstrap filter for the model in Table 3 , going up to 5,812 times more efficient in the setting of Table 1 . In contrast, the use of a better importance density for particle filtering in the SISR (2) method is counterproductive when taking into account the excessive computational burden of constructing proposals and computing importance weights for each particle separately. Finally, as expected theoretically, the relative performance of the EIS method deteriorates quickly with the time series dimension, despite its good behaviour in the examples. The particle EIS method completely avoids this problem, approximately maintaining a constant relative performance compared to the particle filters for all time series dimensions. Table 1 : Two-factor stochastic volatility with leverage effects and Student's t return innovations (ν = 10): likelihood evaluation.
The table compares the efficiency of different likelihood estimation methods. The methods are the bootstrap filter (BF), sequential importance sampling with resampling based on a Laplace approximation (SISR (2)), a zero order auxiliary particle filter (APF), efficient importance sampling (EIS) and particle EIS (P-EIS). n = 2, 500 BF SISR (2) APF (0) Table 2 : Two-factor stochastic volatility with leverage effects and Student's t return innovations (ν = 100): likelihood evaluation.
The table compares the efficiency of different likelihood estimation methods for the two-factor stochastic volatility model. The methods are the bootstrap filter (BF), sequential importance sampling with resampling based on a Laplace approximation (SISR (2)), a zero order auxiliary particle filter (APF), efficient importance sampling (EIS) and particle EIS (P-EIS). n = 2, 500 BF SISR (2) APF (0) Table 3 : Two-factor stochastic volatility with leverage effects and Student's t return and state innovations: likelihood evaluation.
The table compares the efficiency of different likelihood estimation methods for the two-factor stochastic volatility model with Student's t state disturbances. The methods are the bootstrap filter (BF), a zero order auxiliary particle filter (APF), efficient importance sampling (EIS) and particle EIS (P-EIS). The EIS methods are based on a data augmentation scheme for the transition density. The full EIS method performs importance sampling in both the Gaussian and the inverse-gamma state components, whereas the partial EIS method performs importance sampling only on the Gaussian component(see Appendix A for the details). Table 4 : Bivariate stochastic volatility: likelihood evaluation.
The table compares the efficiency of different likelihood estimation methods for the bivariate stochastic volatility model. The methods are the bootstrap filter (BF), a zero order auxiliary particle filter (APF), efficient importance sampling (EIS) and particle EIS (P-EIS). 
Empirical application
This section studies the performance of the particle EIS method as a tool for Bayesian inference. We consider an empirical application of the bivariate stochastic volatility model of Section 4.1 using daily holding period returns for IBM and General Electric stocks between 1990 and 2012. The total number of bivariate time series observations is 5,797. The source of the series is the Center for Research in Security Prices (CRSP) database. We adopt the following independent priors for each parameter
where IG(a, b) denotes the inverse Gamma distribution with shape a and scale b. We investigate two approaches for posterior inference: particle marginal MetropolisHastings (PMMH, Andrieu, Doucet, and Holenstein 2010) and importance sampling squared (IS 2 , Tran, Scharth, Pitt, and Kohn 2013) . The key idea of both PMMH and IS 2 is that replacing the unknown true likelihood by an unbiased estimator in standard
Metropolis-Hastings and IS algorithms still leads to valid procedures that target the correct posterior distribution of the parameters. Let p(θ) be the prior distribution, p(y 1:n |θ) the likelihood (1) and π(θ) ∝ p(y 1:n |θ)p(θ) the posterior distribution of the parameters defined on Θ. Suppose we want to calculate the integral
The IS 2 method involves the following steps
5. We can also estimate the marginal likelihood p(y 1:n ) = Θ p(y 1:n |θ)p(θ) dθ as p(y 1:
To obtain the parameter proposals q(θ|y 1:n ) for the IS 2 and particle independent Metropolis-Hastings (PIMH) methods, we consider the mixture of t by importance sampling weighted expectation maximisation (MitISEM) method of Hoogerheide, Opschoor, and van Dijk (2012) . The MitISEM method implements a recursive sequence of importance weighted expectation maximisation that minimises the Kullback-Leibler divergence between the posterior distribution and a mixture of Student's t densities proposal.
We implement the basic proposal training algorithm in that paper, but replace the true likelihood used in the original method by estimates provided by the EIS and particle EIS methods with N = 50 particles. We label these two cases MitISEM (EIS) and MitISEM (P-EIS) respectively. We use 250 points from a Halton sequence with 9 dimensions and 250 antithetic draws to generate samples from the candidate densities within the training phase of the algorithm. We found that a multivariate Student's t density provides a good approximation to the posterior for the current problem. In our illustrations, the likelihood estimation algorithm which we use when running the IS 2 and PIMH algorithms does not necessarily correspond to the one we adopt for training the MitISEM proposal. Our objective in doing so is to study the performance of different unbiased likelihood estimation methods when the proposal is fixed. Pitt, Silva, Giordani, and Kohn (2012) and Tran, Scharth, Pitt, and Kohn (2013) study efficient implementations of Markov chain Monte Carlo and importance sampling when using unbiased likelihood estimators and general parameter proposals. The idea behind these papers is that the choice of the number of particles for likelihood estimation is a trade-off between variance reduction and computing time, which we may best allocate running more iterations of the Markov chain or generating additional importance samples for the parameters.
Choosing the number of particles
Assume that the log of the likelihood estimator is normal and that its variance is constant across different values of θ. The main finding in these papers is that the optimal number of particles to minimise the computing time for any given target Monte Carlo variance is such that the variance of the log-likelihood estimator is approximately equal to one when using particle filters. The EIS and particle EIS methods involve the additional complication of the overhead associated with Algorithm 1, which does not depend on N . Let the variance of the log-likelihood estimator be Var(log L h )/N . The optimal number of particles is
2 ,
By dividing the variance of the log-likelihood by N opt h , we can see that the optimal variance of the log-likelihood estimate is lower than one when there is an overhead cost for estimating the likelihood. Table 5 summarises a limited simulation study of how the variance of the log of the estimated likelihood depends on the method. The motivation for the study is to determine the number of particles for the empirical example. We carry out the simulation study as follows. First, we obtain a proposal density that approximates the posterior distribution of the parameters using the MitISEM (EIS) method. We then generate M = 100 draws from this proposal. For each sampled parameter vector, we perform 20 independent log-likelihood evaluations using the bootstrap filter, the EIS and the particle EIS algorithms. We use S = 32 simulations to obtain the importance parameters in the EIS method. We report the average of the sample variances across the 100 parameters draws, the corresponding variance ratios (with the EIS method as the benchmark), the computing time for obtaining the efficient importance density (τ h 1 ), the computing time for the likelihood estimation step (N τ h 2 ), and the relative efficiency as defined in (17).
Consistent with Table 4 , we find a 96.5% reduction in average variance for particle EIS in comparison with the EIS method. The results imply that the optimal number of particles is approximately 14, 800 for the bootstrap filter, 310 for EIS, and 42 for particle EIS. That leads us to use N = 150 and N = 300 samples for the EIS method and N = 10 and N = 50 particles for P-EIS, with the lower number of particles indicating the case for which the variance of the log-likelihood estimate is approximately one on average. For the bootstrap filter, we set the number of particles sub-optimally to N = 5, 000 due to the excessively high computational cost of an ideal implementation for this problem.
The theoretical results on the optimal implementation of PMMH and IS 2 , in conjunction with Tables 1-3, highlight that the EIS method is remarkably efficient for Bayesian inference in the univariate SV model with Student's t return innovations. Based on the variance estimates for the EIS method in those tables, the standard algorithm with no resampling requires only 2 to 16 samples (including antithetic draws) to achieve a log-likelihood variance of approximately one for n as large as 10, 000. For particle EIS, only two particles are typically sufficient in this scenario. For this reason, we focus on the more challenging bivariate specification in this section. Table 6 presents estimates of selected posterior distribution statistics estimated by the IS 2 method. We estimate the likelihood for a given set of parameters using the particle EIS method with N = 50 particles. We estimated the posterior distribution using M = 10, 000 importance samples for the parameters, which required a total computing time of 21 minutes (parallelising the computations over 4 cores). We also estimate the Monte Carlo standard errors by bootstrapping the importance samples. The low MC standard errors confirm the efficiency of IS 2 approach using particle EIS. Figure 1 estimates the kernel smoothing density estimates of the marginal posteriors. 
Posterior analysis
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Importance sampling squared
This section compares the use of the bootstrap filter, EIS and P-EIS algorithms for the IS 2 method. We consider the efficiency of each method for estimating the posterior mean of all the parameters and the marginal likelihood. We estimate the Monte Carlo variances associated with each method as in Section 4.3 by running 250 independent replications of the importance sampling algorithm using M = 500 importance samples for the parameters. We consider two versions of the MitISEM method: one using the EIS method for estimating the likelihood the training step of the method the importance density and another using the P-EIS method for the same purpose. Our efficiency measure is the time normalised variance of estimates, which we define as the product of Monte Carlo variance and the computational time. We report all the time normalised variances as relative to the EIS method with N = 150 samples. The time normalised variance determines the total computing time required for obtaining any given MC variance for the posterior mean and marginal likelihood using each method. Table 7 summarises the results. Focusing on the MitISEM (EIS) proposal, the table shows reductions in time normalised variance which range from 79% to 97% for the P-EIS method relative to the EIS method. When considering the P-EIS method for constructing the proposal, we find further reductions in time normalised variance of as much as 60%. Compared to the bootstrap filter, the reductions in time normalised variance range from 99.09% to 99.81%. The table also shows that the EIS method with N = 300 samples, which should be approximately the optimal number of samples according to Section 5.1, has an inferior performance to the implementation with N = 150. We conjecture that this is because the EIS log-likelihood estimates are skewed for N = 150 and N = 300, whereas the theoretical result for the optimal number of particles is based on a normality assumption. In this setting, increasing the number of samples from 150 to 300 reduces the EIS log-likelihood variance by less than 50%, so that the benefit of increasing N is lower than assumed by the result on the optimal number of samples.
Particle Marginal Metropolis-Hastings
We now consider the use of the bootstrap filter, EIS and particle EIS algorithms for the PMMH estimation of the posterior distribution of the bivariate stochastic volatility model. We implement two Metropolis-Hastings (M-H) algorithms: the adaptive random walk method of Roberts and Rosenthal (2009) and the independent M-H method using the MitISEM proposal. We run 50,000 iterations of the two algorithms and discard a burn-in sample of 5,000 iterations. Table 8 reports the acceptance rates, the inefficiency factors (calculated using the overlapping batch means method), and the total computing times in hours. The results show that only the independent Metropolis-Hastings using the MitISEM proposal in combination with the particle EIS method for estimating the likelihood performs satisfactorily. The particle EIS method achieves an acceptance rate of 0.423 and inefficiency factors between 7.3 and 16.4 when using the MitISEM (EIS) proposal, in a total computing time of 4.8 hours. That compares to acceptance rates of 0.119 and 0.199 and computing times of 79.5 and 8.2 hours for the BF and EIS methods respectively, with inefficiency factors higher than 40 for all the parameters. We also find that the MitISEM (P-EIS) proposal leads to an increase in the acceptance rate to 0.588 and substantial improvements in the inefficiency factors. where q(x t |x t−1 , λ t , y 1:n ) = δ t (x t−1 , λ t ) exp b t Zx t − 1 2 x t Z C t Zx t p(x t |x t−1 , λ t )
and q(λ t |y 1:n ) = m j=1 ϕ j,t λ α j,t j,t exp(β j,t /λ j,t ) p(λ t ).
The importance parameters are b t , C t , α 1,t , . . . , α m,t and β 1,t , . . . , β m,t . The terms δ t (x t−1 , λ t ) and ϕ j,t are constants that ensure that q(x t , λ t |x t−1 , y 1:n ) integrates to one. The importance densities in (19) and (20) offset the model transition densities and use conjugate terms to approximate the measurement densities and integration constants. With some algebra, we can show that q(x t |x t−1 , λ t , y 1:n ) is a Gaussian density with covariance matrix
and mean vector
while the importance density q(λ t |y 1:n ) is such that λ j,t ∼ IG(ν η,j /2 − α j,t , ν η,j /2 − β j,t ) for j = 1, . . . , m. The constants are log δ t (x t−1 , λ t ) = 1 2 log(|Λ t QΛ t |/|V t |) + 1 2 F (x t−1 ) (Λ t QΛ t ) −1 F (x t−1 ) − 1 2 µ t V −1 t µ t and ϕ j,t = Γ(ν η,j /2) (ν η,j /2) ν η,j /2 (ν η,j /2 − β j,t ) ν η,j /2−α j,t Γ(ν η,j /2 − β j,t ) .
To implement Algorithm 1, suppose we generate draws x (1) , . . . , x (S) , λ (1) , . . . , λ
from the current candidate density q [k] (x 1:n , λ 2:n |y 1:n ). Following an appropriate modification of (9) and (10) for the data augmentation setting, we update the importance parameters by running backwards recursively for every period t ordinary least squared
